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Abstract 

Crawley-Boevey |T| introduced the definition of a noncommutative 
Poisson structure on an associative algebra A that extends the notion 
of the usual Poisson bracket. Let (V,ui) be a symplectic manifold and 
G be a finite group of symplectimorphisms of V . Consider the twisted 
group algebra A = C[V]#G. We produce a counterexample to prove that 
it is not always possible to define a noncommutative poisson structure on 
C[V]#G that extends the Poisson bracket on C[V] G . 

1 Introduction 

Crawley-Boevey pQ defined a noncommutative Poisson structure on an associa- 
tive algebra A over a ring K as a Lie bracket (— ,— ) on A/[A, A] such that 
for each a £ A the map (a,—) : a/[A,A] — > A/ [A, A] is induced by a deriva- 
tion d a ■ A — > A; i.e. (a, ,b) = d a (b) where the map a i— > a is the projection 
A — > A/[A, j4]. When A is commutative a noncommutative Poisson structure is 
the same as a Poisson bracket. 

Let (V,oj) be a symplectic manifold, with the usual Poisson bracket { — , — } 
on C[V]. Let G be a finite group of symplectimorphisms of V. Consider the 
twisted group algebra A — C[V]#G. The algebra of G- invariant polymonials 
C[V] is contained in A/[A, A]. We produce a counterexample to prove that it 
is not always possible to define a noncommutative poisson structure on C[V]#G 
that extends the Poisson bracket on C[V] G . 

2 Twisted group algebra and derivations 

From now on, let A = C[V]#G.(C can be replaced by any field of characteristic 
0.) We use the symbol 9 4> to denote the left action of g € G on ip 6 C[V]. 
For every jGGwe denote (-) 9 the projection A — > C[V] into the g-part, i.e, 
(ipti)g = ip5 g ,h if tp G C[V],ft G G. Let G = C U Ci U • ■ ■ be the conjugacy 
classes of G, with Go = {1}. 
It is proved in [|] that 

1 =i/ffo(A) = (ffiJo(C[l/],C[^]#G)) G , 



[A, A] 
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therefore 

where is an arbitrary element of d and G 9 = {h £ G|g/i = /ig}. The first 
summand is precisely C[F] G . Let P, be the projection A — > C[V fli ] Gs * <ft. 

The Poisson bracket gives us a family of derivations d^, : C{V] G ^ C{V] G , <p 
{ip, (p} for ^ £ C[V^] G ; and we want to extend it to a larger family. The following 
Lemma restricts the possibilities. 

Lemma 1. Let d : A — > A be any derivation. If x £ C[V} 9 ^ C[V] then 
(d(x)) g = 0. " 

Proof. Let j/ ^ C[F] 9 . d(xy) = d(yx) implies d{x)y + xd(y) — d(y)x + yd(x). 
The g-part of this equality is 

(d(x)) g gy + x (d(y)) g g = (d(y)) g gx + y (d(x)) g g 

or 

(d(x)) g ( 9 y) + x (d(y)) g = (d(y)) g ( 9 x) + y (d(x)) g . 
Since 9 x = x, 9 y ^ y we conclude (d(x)) g ( 9 y — y) = 0, so (d(x)) g = □ 

Therefore if the action of G on V is faithful and g 7^ 1, the g-part of the 
derivative an element of C[y] ff is zero. This implies that for every ip £ C[V] G , 
d(ip) £ C[V] cA. _ 

The condition (ipg,(ph) = ~{(ph,ipg) implies d^ g ((ph) — —d^h^g). Consider 
the case (p, ip £ C[V] G , h = 1 and g £ d, i ^ 0. Since Pi (d^ g ((p)) — 0, we must 
have = Pi {d$(ipg)) = Pi (d^(ip)g + ipd^(g)). The only terms that must be 
taken into account are d^(ip)g + (d c f > (g)) hgh ^ 1 hgh" 1 . Modulo [A, A] this 
is equal to 

= {d<p{ip) +ip<r<t,, g )g 
where a^g = ^ h ((<^(s))/, fl/l -i) does not depend on ip. 

h 

We want = Pi ((d^,(ip) + ip<J^> t g) g) = Pi (({</>, ip} + ipo~$,g) g) since we want 
a Poisson structure extending the usual Poisson bracket on C[V] G . Therefore a 
neccesary condition for the existance of the Poisson structure is the existance 
of o>, 3 £ C[V] so that 

Pi (({</», iP} + iPa^ g ) g) = (1) 
for every ip £ C[V}. We well see that this is not always possible. 
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3 The counterexample 

Let V = C 4 with linear coordinates {x±, X2, X3, X4} and the symplectic form 

uj = dxi A d,X2 + dxz A dx^, so C[V] = C[x±, X2 , 2:3 , X4] , and 

, ^, 90 90 c?^> dcf) dip dcf) dip 

' dxi 8x2 8x2 dxi 8x3 8x4 8x4 8x3 

Let G = Z2 x (Z2 © Z2). Let e, 6, c be the generators of the three copies of 
Z2 (in that order). G acts on V as follows: b and c act as diag{— 1, — 1, 1, 1) 
and diag(l, 1, —1, —1), respectively, on {xi, X2, £3, £4} and e interchanges xi <-> 

X2 <-> X4. Using Magma (http://magma.maths.usyd.edu.au) we find that the 
ring of invariant polynomials is generated, as an algebra, by /1 = x\ +x§, / 2 = 
x\ + x\, J 3 = x 4 + X3, fi = x| + x|, /ii = X11E2 + X3X4, h2=x\x\+x\x\, ha = 
2^X3X4 + X1X2X3, ft-4 = xiX2x| + X2X3X4; with relations 

+ fih* + hhz -h\ + 2h 1 h 2 , 
\IV\h + l/2/i/i? - I/2/1/12 - I/2/2/3 ~ /ii/is, 
1/2A/I - I/2/1/4 + 1/2/2/!? - I/2/2/12 - /ii/>4, 
-I/2/2/4 + /1/2/12 - l/2/ 2 2 / 3 + /s/4 - 

-l/2/ x 2 /l 4 + l/2/i/2/l 3 + l/2/i/li/l2 - l/2/2/3/ll + /3/I4 - ^3, 
l/2/l/2 * &4 ~ l/2/1/4/ll - 1/2/2% + l/2/2/ll/l2 + M 3 - /12/14, 
1/2/3/2 + 1/2/^? - / x 2 /l2 - I/2/1/2/3 - 1/2/3/1? + / 3 /l2 - 
1/2A 2 / 2 2 _ 3/4/2 /4 + ifihfrhl - 3/4/|/3 + / 3 /4 - l/2/i?/i 2 - /l 3 /l4, 

l/2/!/ 2 3 - I/2/1/2/4 + 1/2/2^? - / 2 2 ^2 - I/2/4/1? + M2 - hi 

Proposition 2. The Poisson bracket on C[V] G cannot be extended to a Poisson 
structure on C(V]#G for V and G as defined above. 

Proof. Take (f> = x\ +x§, ip = xix 2 + X3X4 £ C[V}° and g — b. In this case Cj = 
{b, c} and C[t/ f, ] G "& = C[x% x% x 3 x 4 ]6. {(/>, ^} - 2x? + 2x^ so P t (({0, ip}) b) = 
2x\b. On the other hand, Pi ((^>o> ig ) &) = Pi (((xix 2 + X3X4) CT0, 9 ) &) = 
Pi (((X3X4) cr0 ]ff ) &) and none of the terms here can be equal to — 2x| since they 
all contain x 4 . This contradicts Q. □ 
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